Hybrid rocket fuel average regression rate is one of the most important values to accurately determine in the hybrid rocket design process and for rocket performance prediction. Yet there is no comprehensive theory that can be used to reliably predict this quantity. Additionally, regression rate data is difficult to measure. Measured data often contains a high degree of scatter, suffers from scale effects and is generally a closely held secret by those performing the experiments and therefore is unavailable for many propellant combinations. This paper presents a regression rate model that has been developed based on the results of several previous studies. The model is applicable to vaporizing fuels in a cylindrical grain configuration that do not form significant char or melt layers. It accounts for the presence of a pre-combustion chamber upstream of the fuel grain and also for variable gas properties (to a limited degree). The model is compared with existing published regression rate data. The results of the comparison are reasonable given the level of approximation in the model but additional work is required before models of this type will supplant regression rate measurements for rocket design purposes. This material is declared a work of the U.S. Government and is not subject to copyright protection in the United States. 
I. Introduction
In a hybrid rocket engine, the fuel regression rate is the rate that the fuel surface recedes over the course of a burn and this quantity has a first order impact on the configuration (i.e. combustion chamber length and diameter) and therefore the performance of a motor. For example, since the specific impulse of many hydrocarbon fuels burned with a given oxidizer are of similar level, a high regression fuel will result in a combustion chamber design that is shorter and of greater diameter in comparison with a motor that employs a low regression rate fuel (for a single port motor). In order to compare propellants, size a fuel grain, predict the performance of a hybrid motor, and avoid burn-throughs, accurate regression rate data is of paramount importance.
A majority of the existing theories used to analyze hybrid rocket fuel combustion employ a fuel regression rate law that relates the local instantaneous fuel burning rate to the local instantaneous mass flux through the fuel port in terms of an empirically-based power law. This has been the case since Marxman derived such an expression in the first comprehensive theoretical treatment of hybrid rocket fuel combustion 1 in 1963.
Marxman et al. 1, 2 showed that the local instantaneous regression rate r& of a fuel slab submersed in an oxidizer stream is related to the local instantaneous mass flux G by: Where r& is the instantaneous local fuel regression rate, G is the instantaneous local mass flux, x is the distance along the port, c e u u is the velocity ratio of the gas in the main stream to that at the flame, v h h ∆ is the ratio of the total enthalpy difference between the flame and fuel surface to the effective heat of vaporization of the fuel and µ is the viscosity main stream gas flow (note that the 0.036 coefficient is for English units as originally derived). For a given propellant system, it is typically assumed that r& , G and x are variable and the remaining quantities in equation 1 are constants. American Institute of Aeronautics and Astronautics
The significance of Marxman's theory is that it identifies many of the factors that influence fuel regression rate and how they are related. Marxman modeled the steady state flow in the port of a hybrid rocket motor as a diffusion flame within a turbulent boundary layer that forms over the regressing fuel surface. Included in his analyses are the effects of conductive and convective heat transfer to the fuel surface and the heat transfer limiting "blocking effect" that results from mass departing the fuel surface into the boundary layer. A radiative heat transfer term (not shown in eq. 1) was also included in an ad hoc fashion but this term is thought to be small for fuels that do not contain metals.
Over the years, the results of many regression rate tests have proven that the functional form of Marxman's regression rate law is valid. Unfortunately, the law as originally derived is not accurate enough for rocket design purposes in that it predicts an averaged mass flux exponent that is too high and an axial dependence that is too great. This is not surprising because the law was developed for a hybrid configuration wherein the fuel is a slab and most practical hybrid motor designs employ a cylindrical fuel configuration. Hence, the standard practice today is to invoke the form of Marxman's regression rate law, augmented by coefficients and exponents derived from subscale tests. Hence, the spatially and temporally averaged regression rate law is written as:
In equation 2, the coefficient a and exponents n and m are propellant dependent constants that that are determined experimentally. Note that the averaging process makes it possible to express the average regression in terms of the oxidizer mass flux ox G (an easily measured quantity) instead of the total mass flux G . This expression assumes that the regression rate is pressure independent. (Note that the coefficient a is not unitless therefore care must be taken to use consistent units. For the data presented herein, the units of the mass flux ox G are g/cm 2 -sec and the regression rate r& is in mm/sec.)
Regression rate data, used to determine the regression rate power law relationship, are typically obtained from sub-scale testing of a fuel-oxidizer combination in a ground-based facility. Spatially and temporally averaged regression rate, determined by measuring the fuel mass and port diameter change, are plotted against the oxidizer mass flux and a nonlinear regression algorithm is then employed to compute the regression rate law coefficient(s) and exponents. Multiple combustion tests of single-port grains are often required to construct an average regression rate curve over a range of average oxidizer mass fluxes. In some modern testing facilities, the instantaneous regression rate is measured using ultrasonic or x-ray techniques to measure the instantaneous regression rate thus reducing the number of tests required. Using the traditional approach, a minimum of two (or three if 0 ≠ m ) tests are required to construct a regression rate curve but ten or more are desirable for reasonable accuracy.
A complication that arises from experimentally determined regression rate laws based on a series of tests is that often they contain effects of temporal and spatial averaging that can mask important local regression rate behavior. Furthermore, the oxidizer-to-fuel ratio is usually not held constant from test to test hence the data should be O/F ratio corrected. Reference 3 describes these effects and suitable regression rate data reduction techniques to obtain an accurate and unambiguous average regression rate law.
Even though techniques exist to measure regression rate, the tests are often costly and typically the data has a greater degree of scatter than is desirable. A minor change to propellant formulation often necessitates a new test series.
An emerging route to obtaining fuel regression rate is through the use of computational fluid dynamic codes coupled with modules that model the fuel pyrolysis and chemical reactions. Good agreement was obtained by Serin 4 between the measured and computed regression rate of HTPB burned with GOX using the commercially available CFD-ACE code. Even so, currently, several limitations preclude the use of CFD in lieu of combustion tests including turbulence modeling, and the complexities of finite rate chemical reactions and fuel pyrolysis.
In the current paper, Marxman's regression rate law is revisited and used as a starting point in an attempt to derive a regression rate model of higher fidelity. Grain configuration and port entrance effects are included in the model. Factors that influence the magnitude of the average mass flux exponent n are considered.
Previously published regression rate data are then compared with the modified model.
II. Analysis

A. Dimensionless Parameters of Hybrid Combustion
Several non-dimensional numbers are of interest in the modeling of the diffusion flames and they are summarized in Table 1 . 
B. Fuel Regression Model
As mentioned previously, Marxman's regression rate law generally over predicts the fuel regression rate. An exception to this statement is for low regression rate fuels in a slab configuration. In this section, we will make use of computation and experimental evidence from several sources to support a few modifications to Marxman's theory in order to improve the regression rate prediction for cylindrical fuel grain configurations. The fuel-surface steady-state energy balance central to the model is shown schematically in figure 1. Fig. 1 . Conceptualization of the flow and energy balance within hybrid rocket motor with a cylindrical port.
The essence of the model is that a thin flame sheet forms within a boundary layer on the fuel surface. The flame sheet is fed from below by vaporized fuel and from above by the port oxidizer flow. The fuel is vaporized primarily by convective heat transfer from the flame sheet to the fuel surface, although for some fuels (e.g. fuels containing metals) radiation can contribute to the vaporization process. The flame sheet forms at a location where the oxidizer to fuel mixture ratio is near but less than stoichiometric. It is assumed that the reaction rate is infinitely fast (i.e. Da>>1) and therefore the chemical kinetics of the reaction are not explicitly considered and the reaction rate is limited by diffusion of oxidizer and fuel into the flame sheet.
The flame-sheet approximation implies that the all chemical reactions are confined to an infinitely thin sheet. In reality, the flame sheet has been observed to be approximately 10% of the boundary layer thickness. Although the fuel port velocity profile is impacted by the fuel blowing, (i.e. transpiration from the fuel surface) changes to the velocity profile caused by the presence of the flame sheet are negligible 5 . It is a fairly safe assumption that the boundary layer flow in the port is turbulent from inception because of the transpiration of fuel from the surface. To simplify the analysis, boundary and thermal layer similarity is assumed resulting in fuel and oxidizer concentration profiles that are linearly dependent on the velocity profile.
At the fuel surface, the steady-state energy balance as shown in figure 1 is:
that can be written per unit surface area as:
Where g h is the effective heat (enthalpy) of gasification. For many non-metalized fuels, radiation heat transfer can be neglected. At the fuel surface, the rate-of-heat transfer per unit area convected from the flame sheet to the surface is equal to that conducted ,
. Therefore the simplified fuel surface energy balance can be written as:
Determining the heat transfer rate s Q & is the crux of the regression rate problem. In general, s Q & is dependent on many geometrical, combustion and flow related factors. An additional complication in a hybrid rocket motor is that the vaporized fuel leaving the fuel surface substantially decreases the rate of heat transferred to the surface and therefore the regression rate (aka the "blocking effect" caused by fuel blowing). American Institute of Aeronautics and Astronautics
Since a direct measurement of s Q & is nearly impossible, one has to resort to similitude and analogies to estimate the heat transfer rate. Marxman employed the Reynolds analogy to estimate the heat transfer rate for a turbulent boundary layer in the absence of blowing. He then developed an expression for the reduction in heat transfer rate in a boundary layer with blowing. We will follow a similar course.
A Stanton number can be defined as
where h ∆ is the enthalpy difference between the flame sheet and the fuel surface. The energy equation can then be written in terms of the Stanton number as:
The goal now becomes to find a simple way to determine the Stanton number for the reacting flow environment within the fuel port. 
<
). Implicit in the 1 Pr ≈ assumption is that the thermal and velocity boundary layers are of the same thickness. Data 2, 5 show that the flame sheet in a hybrid rocket motor resides within the boundary layer (as shown schematically in figure 1 ) at a δ / y ranging from 0.1 to 1.0 (depending on the distance along the grain and the oxidizer choice) and therefore the thermal layer is thinner than the velocity layer and 1 Pr > . Furthermore, the Reynolds and Chilton-Colburn analogies break down for gas flows where there is a large temperature difference between the surface and the bulk flow resulting in properties that vary significantly. A relation recommended by Gambill 6 (eq. 6) that is applicable for heat flux levels of 1600 kW/m 2 or higher for a turbulent tube flow through a tube and is valid over a range of Prandtl numbers is the most appropriate analogy identified and so this is the correlation that we will use. Defining a In most hybrid rocket motors of practical interest, the grain configuration is cylindrical with length-toport diameter ratios in the range of 5 to 50 and a fuel grain fore-end geometry that resembles a forward-facing step. Therefore in the Reynolds number range of 10 4 to 10 6 (based on port diameter) typically encountered in hybrid rocket motors, it is expected that entrance effects should play a role. The HTPB-GOX cylindrical-port hybrid computational result shown in figures 2-4 illustrates this point. These results were obtained using an equilibrium-chemistry Navier-Stokes code on a channel configuration with a pre-combustion chamber. Clearly, the flow is not fully developed until 2 . 41 / = H x which is close to the port exit. Therefore, equation 6 must be modified to account for entrance effects. In reference 7, experiments were performed to investigate the impact of a separated zone on the heat transfer in a pipe. These experiments are of interest because of their similarity to the flow at the inlet of a cylindrical fuel grain. In the experiments, a restriction was used within a heated pipe to create a separated zone. The effects of the restriction on the heat transfer were measured over a range of Nusselt, Reynolds and Prandtl numbers for a few restriction ratios. Presented in figure 5 and also the fact that the fuel port entrance becomes rounded during the burn, it is believed that 0 . 2 1 = C will better represent the actual geometrically-induced entrance effects encountered in a fuel port and so this value will be used in the regression rate model. In the paragraphs that follow, we will make use of several results that were derived for a zero pressure gradient turbulent boundary layer (e.g. flat plate boundary layer) with a thickness δ and a characteristic 
The above equation shows, among other things, that the position of the flame sheet relative to the fuel surface (as indicated c φ ) has a first order impact of the heat transfer rate to the fuel and therefore the fuel regression rate. Marxman 2 used boundary layer integral methods along with species continuity equations to derive an expression for the velocity ratio for which the tube flow equivalent is Therefore the final form of the local instantaneous regression rate expression in terms of the total mass flux for a cylindrical grain is:
Since the total mass flux G is a quantity that is difficult to measure, it is desirable to express the regression rate law in terms of the oxidizer mass flux ox G . It takes several steps to accomplish this goal. 
The integral in equation 16 can be integrated after using the binomial expansion 
F O
). The result is:
Comparing equation 15 and 17 and neglecting small terms, it can be seen that:
Equation 17 can be substituted into 13 to obtain the desired result of the local instantaneous regression rate in terms of the oxidizer mass flux ox G :
Where A is defined by equation 11.
Most measured regression rate results are temporally and spatially averaged results. Several approaches to averaging measured data are in common use and the techniques and the various pitfalls related to how the average oxidizer mass flux is defined are described in reference 3. As will be seen, it is difficult to obtain an exact closed-form solution for the modeled average regression rate and therefore similar techniques to that used for measured regression rate are invoked. A spatially and temporally averaged regression rate can be Therefore, the spatially averaged regression rate is:
A space-time averaged regression rate is given by 
and A is defined by equation 11.
As previously mentioned, the ( ) l m s T T term of equation 6 was included to compensate for variable properties that arise from the extreme temperature gradients normal to the surface. It has been recognized by many that better high heat-flux correlations result with the explicit inclusion of a temperature dependency when properties are evaluated at the bulk temperature. The property most greatly impacted is viscosity which is strongly dependent on temperature. Physically, when the surface is cooler than the freestream, the boundary layer velocity profile is fuller in comparison to the isothermal flow because the viscosity is higher than that calculated using the equivalent bulk temperature. can result in a factor of 10 in regression rate. Therefore the accuracy of this exponent is critical to the success of a regression rate theory.
Several factors appear to have an impact on k including fuel composition, oxidizer choice, radiation and grain configuration (i.e. slab or cylindrical). Yet as the theory stands, k is a constant regardless of these factors. In reference 23, it was found that the pyrolysis Arrhenius constant e a RT E , where a E is the activation energy, was strongly correlated with the oxidizer mass flux exponent as determined from numerical solutions of a chemically reacting laminar boundary layer. A correlation of this type is not surprising because fuel production is related to the chemical degradation of the solid polymer even though the rate of the combustion chemical reaction is controlled by the interplay of heat transfer to the surface and diffusion of fuel and oxidizer into the flame zone. In the current model, without much of a physical basis at this point, the following relationship will be used (note that the flux exponent
This expression was determined by looking at n , a E and s T trends in the measured data of different propellant combinations.
Several points can be made concerning equations 19 and 22. Most importantly is that regression rate decreases with scale. For instance, increasing the diameter by a factor of ten while maintaining constant ox G and D L / results in a regression rate decrease of 50%. A similar but not as pronounced scale effect was obtained computationally in reference 11. It should be noted that radiation (not included in the present model) should offset the regression rate scale effect to some degree. A second point to observe about equations 19 and 22 is that when equation 23 is implemented, the oxidizer flux exponent is around 0.7. This level is in line with that obtained experimentally for several common propellant combinations (and is less than the classical exponent of 0.8 that Marxman obtained). A final point is that both the instantaneous and average regression rate laws depend on a priori knowledge of the F O / at the flame sheet, (or alternately, c φ ). This is the only quantity in the model that is not readily obtainable. It is expected that at some point, a theory will be developed that predicts the local F O / (and therefore, c φ ) at the flame sheet location for a diffusion flame in a boundary layer. Until this occurs empiricism must be relied on to specify this quantity.
It should be reiterated that the model developed within this paper is most applicable to fuels that do not form significant melt or char layers. A char layer acts like an insulating blanket on the fuel surface that alters the heat transfer rate to the fuel. It may be possible to include the effects of char via a Stanton number ratio based on char number similar to the approach used to account for the blowing effect. The melt layer that forms on the surface of some high regression rate fuels (i.e. n-alkanes such as paraffin) results in a fuel entrainment mechanism into the flame zone that alters the basic fuel surface energy balance of equation 3.
Additional factors (aside from radiation effects) known to impact regression rate that are not incorporated in the model include the effects of fuel surface roughness, combustion chamber pressure (for some fuels) and combustion efficiency. Furthermore, finite rate chemical kinetics, additional aspects of fuel pyrolysis, and flame sheet curvature may be important for some fuel systems.
The local bulk temperature b T is required in order to specify e µ . It can be seen in figure 3 T is the adiabatic flame temperature computed by an equilibrium chemistry code. An additional complication is that the gas is a mixture of several species. During the fuel pyrolysis process, the polymer breaks down into low molecular weight volatile fuel species near the fuel surface. For HTPB burned with oxygen, the most prevalent species found between the surface and the flame zone are C 4 H 6 , C 2 H 4 , CH 4 and CO. Above the flame, the main species are O 2 , CO 2 and H 2 O. Therefore determining the viscosity of the port gas is difficult. The approach taken here is to use the approximate formula 22 (from the Kinetic Theory of Gasses): Where M is the molecular weight, and σ is the hard-sphere diameter in Angstroms and b T is specified in K.
As a rough approximation, it is assumed that on average, quantity that can be measured in a constant heat flux gasification device or a flaming calorimeter. These measurements should be done under conditions that match the fuel surface regression rate.
In the model, the quantity h ∆ is the enthalpy change of the gas between the flame and the fuel surface.
This quantity is dependent on the local F O in addition to temperature. This quantity can be calculated using:
C. Fuel Regression Rate Data
The average regression rate for various commonly used hybrid rocket fuels burned with oxygen is shown in Figure 7 and data related to the burning tests that the regression rate curves were derived from are shown in Table 2 . The curves shown were obtained by applying a nonlinear regression to measured data from many sources in the open literature over the oxidizer mass flux range encompassing the tests. Only data from cylindrical combustion chamber configurations are shown and no additional corrections beyond those of the original source have been applied. Fig. 7 . Many factors including scale, O/F ratio, combustion chamber configuration, oxidizer injector design, fuel composition (i.e. trace additives) and processing, ignition and thrust termination transients, data reduction and experimental technique greatly impact the accuracy of reported regression rate data. This is one reason for the disparity between reported regression rate data for seemingly similar propellant combinations. An attempt was made to choose data from reliable sources, nevertheless, the data should be used for design purposes only and the actual regression rate of a fuel and oxidizer combination for any given application should be independently verified.
Fuel composition and processing can greatly affect the regression rate. This is particularly true for polymer-based fuels such as HTPB. Typical HTPB fuels are long-chain hydrocarbons that result from the mixing of a resin with a hardener and often a plasticizer, anti-oxidant, dispersant and an opacifier. The actual recipe and fuel processing techniques used varies widely and this information is usually closely held by companies as trade secrets.
D. Comparison of Model with Measured Data
The space-time average fuel regression rate predicted by the model developed in the preceding section is shown in figure 8 for three propellant combinations. The model was exercised using fuel grain dimensions equivalent to that of the test article. The Prandtl number in the model has been assumed to be equal to one uncertainty in the flame F O ratio and port gas viscosity makes it difficult to determine a value of greater accuracy. Data supplied to the model is listed in Table 3 with the data source referenced where applicable. Several of the parameters used in the model were calculated using the thermo-chemistry code CEA that was developed at the NASA Glenn Research Center.
It was found that the model is very sensitive to specification of the fuel surface temperature s T . Small adjustments in this temperature can easily result in a regression rate change of a factor of two. The surface temperature has an impact on the bulk temperature that is used in property determination and also on the k exponent, so it is understandable why this quantity is important. Since s T is an input to the model and reliable measurements of s T are difficult to obtain, (they must be performed under equivalent heat transfer rates in a specially designed test rig) some liberty was taken in the s T value choice to produce a favorable regression rate match. The slope of the modeled results in figure 8 does not match the measured data very well.
Since the slope is directly related to the oxidizer mass flux exponent n , the poor agreement is an indication that equation 23 could be improved. Finally, the port gas viscosity has a significant impact on the modeled results and this value has been determined using a very simple relationship (i.e. equation 24) that is probably not as accurate as desired. American Institute of Aeronautics and Astronautics 
III. Conclusions
This paper presents a regression rate model that has been developed based on the results of several previous studies. The model is applicable to vaporizing fuels in a cylindrical grain configuration that do not form significant char or melt layers. It accounts for the presence of a pre-combustion chamber upstream of the fuel grain and also variable gas properties (to a limited degree). The model is compared with existing published regression rate data and the comparison is reasonable given the level of approximation in the model. The modeled oxidizer mass flux exponent is too high in comparison to that obtained by curve fits of measured data but it is closer to measured values than the exponent predicted by Marxman's classical regression rate theory.
The model is very sensitive to several parameters including the average fuel surface temperature and port gas absolute viscosity. The modeled regression rate can be off by a factor of two or more depending on the accuracy of the data used in the model. A major short coming of the model is the necessity of specifying the oxidizer-to-fuel ratio a priori (specified as stoichiometric even though the actual value may be less for some propellant combinations). Nevertheless, the model serves as a good starting point in assessing the factors that influence hybrid fuel regression rate.
